We show how the velocity of an optical pulse propagating through a dispersive medium depends on the pulse duration. A transition from the group velocity for long pulses to the in-vacuum velocity for short pulses is shown both in experimental results and in theoretical predictions. The temporal duration of the experimental pulses are 150 ps and 3.5 ns. A description of the pulse propagation in terms of the time "center of mass" of the energy flow allows an intuitive overview of the results.
Introduction
The speed of light in matter has been object of many studies along several decades. Since the work of Brillouin [1] many studies have reported experimental and theoretical results concerning the propagation of a light pulse through a dispersive medium and the possibility of controlling its dynamics by optical methods [2, 3] , achieving very low velocities [4, 5] ("slow light") and also superluminal propagation speed [6, 7] , but preserving the causality principle [1] .
Theoretically, the propagation speed for a light pulse is usually described by the group velocity that is defined as the speed of the wave modulation envelope. Indicating by n the refractive index of the material system, ω the frequency and c the speed of light in vacuum, the usual expression of the group velocity is the following:
According to this equation, the group velocity is determined by the dispersion properties of the medium at the carrier frequency ω, but it does not depend on other characteristics such as pulse duration or envelope shape, and this is in evident contrast with many experimental observations. Indeed, in this paper we report the measurement of the propagation speed of two optical pulses with the same carrier frequency but with different durations, and we show that, when traveling through a gaseous medium in conditions of quasi-resonance with an atomic absorption line, the two pulses travel at significantly different speeds without suffering a strong distortion. The reason of Eq. (1) failure to describe our results is easily understood. This expression is based on a linear approximation of the dispersion relation that demands, to be valid, a narrow bandwidth of the wave packet of the optical signal. When the temporal width of a transform-limited pulse decreases, its spectrum becomes broader, approaching or even completely overlapping the spectral regions where the dispersion relation exhibits large variations, as in the case of a pulse center frequency near to an absorption or gain line in an atomic medium. In the temporal domain, the pulse duration becomes comparable to the response time of the medium; in this case, due to the large frequency spread, the assumption of narrow bandwidth, upon which Eq. (1) is based, becomes not strictly valid and higher order terms in dispersion relation cause distortion of the modulation envelope [8] . As the temporal width further decreases, it is expected that the spectral region of interest, where the dispersion relation rapidly varies, becomes negligible with respect to the pulse bandwidth. In this case the medium response is too slow and the pulse can travel through the system with almost no modification and with a speed that approaches the limit speed c.
The traditional way to solve the discrepancy from Eq. (1) and experimental data is to affirm that, in the presence of strong dispersion, the concept of group velocity "has no longer any appreciable physical significance" [9] . A better approach to this problem is to generalize the group velocity concept by introducing a proper definition of the pulse propagation time. As an alternative to the peak or half-peak arrival time, the propagation can be described by the average time of the energy flow [10, 11] , that can be also defined as the time "center of mass" (CM) of the temporal energy envelope [12] . In the case of a pulse propagating along the z-axis in an isotropic medium this definition reads:
where S(z, t) is the modulus of the Poynting vector. This equation allows us to achieve a speed definition that is completely meaningful also in presence of strong distortion and outside the validity range of Eq. (1). Theoretical studies on the dependence on the temporal duration of the superluminal or subluminal propagation have been reported [13, 14] . Using the average flow arrival time, extensive theoretical works regarding the pulse propagation and reshaping in dispersive media have been reported [15, 16] . Experimental studies for ms long pulses in erbium doped fiber [17, 18] and for μs long pulses via stimulated Brillouin scattering have been reported [19] .
In the following, we report for the first time an experimental investigation on the velocity of optical pulses characterized by a temporal durations that fall in an interval between few ns and hundred ps. Pulses of 3.5 ns and 150 ps of temporal width propagate through an atomic medium where an absorptive resonance is present and a comparison between the experimental results and the numerical simulation is also obtained by integrating the wave equation, showing that the results can be interpreted by a theoretical expression derived from Eq. (2) for the speed of the CM. The aim is to characterize the dependence of the propagation speed on the width of the pulse, also by varying the detuning of the central wavelength of the pulse from the resonance. Fig. 1 shows experimental temporal profiles, normalized to the peak value, relative to the propagation of two pulses of different FWHM durations: 3500 ps, blue, and 150 ps, red. The dashed lines and the continuous ones are respectively the profiles at the entrance (z¼ 0) and at the end (z ¼L¼ 1 m) of the medium, whose description, as well as the experimental setup and method, is reported in Section 3. The propagation times are measured with reference to the CM (dashed vertical lines). Albeit the same experimental conditions, the pulses show two different propagation times with the shorter one that appears as nearly unaffected by the medium and exhibits a speed that approaches the speed of light in vacuum. The corresponding numerical simulations are reported in Fig. 2 and a good agreement is present both in shape and in propagation time.
In the following sections the theoretical approaches, the experimental setup and the results are discussed in detail.
Theoretical model
The propagation of the pulse is given by the solution of the wave equation with a Fourier formalism. For a pulse at the entrance given by:
the output field at the end of the cell (z ¼L) is:
The wave number ω ( ) k is a complex quantity that contains informations concerning the dispersion relation and the absorptive properties. With reference to Fig. 3 , let us consider an atomic transition between a level | 〉 1 and a doublet of levels | 〉 2 and | 〉 3 and a medium with atomic density N. Then, the wave number k has the following expression (low density medium): . Schematic diagram of the experimental setup (on the left) and of the involved transitions and sodium atomic levels (on the right). The control pulse is sent into the cell before the probe, whose propagation occurs in an exited medium without the coherent interactions. A dichroic mirror allows the optical paths of the two pulses to coincide before the entrance in the cell. In the atomic interaction scheme on the right, ω c and ω p are the central frequencies of the control and the probe pulse respectively, Γ the decay rate by spontaneous emission of the level P 2 3/2 and δ is the detuning of ω p from the resonance with the transition between the level P where ρ 11 , γ j and ω j1 represent, respectively, the lower level population, all kinds of dephasing rates and the | 〉 → j 1 transition frequencies, whereas the d 1j are the electric dipole moments. The brackets represent the average over the velocity distribution in the z direction and account for the Doppler broadening in the gaseous medium.
In the numerical simulations, the pulse propagation in the temporal domain is obtained by a computation of the Fourier transform based on the Discrete Fourier Transform (DFT) method and a Fast Fourier Transform (FFT) algorithm. Once the temporal position of the CM of the output pulse with respect to the input one is calculated, the speed can be defined as:
An alternative and equivalent theoretical approach consists of directly calculating the CM propagation time by using Eq. (2). As reported in reference [20] , this equation can be written in terms of the spectral components of the fields:
Expressing the fields at point z in terms of the fields at z¼ 0, we have: where we have restricted the integration domains to positive frequencies by using the conditions of real fields:
, . This expression shows that the propagation delay as defined by Eq.
(2) can be expressed by the sum of two terms: one is an average of the group delay over the pulse bandwidth and the other takes into account the reshaping due to the absorption or gain properties of the medium [20] . Eq. (10) shows how the propagation characteristics, given by ω ( ) k
and ω ω ∂ ( ) ∂ k / , are weighted on the overall spectrum of the field. A more intuitive insight is discussed in a simplified form in Section 7. Then, we have two possible ways to calculate t CM : solving Eq. (4) by the DFT method or using expression (10) . Moreover, Eq. (10), rewritten in a simplified form, allows an intuitive solution of the v g , as shown in Section 7.
Experimental set-up
The experimental setup is shown in Fig. 3 . The light pulses (probe pulses) are obtained by modulating the continuous-wave beam of a single-mode extended-cavity diode laser by an electrooptic modulator connected to the laser by a monomode optical fiber. Two different electric pulse generators can drive the modulator to produce pulses of two different temporal widths: 3500 and 150 ps (FWHM). The pulses propagate into a 1 m long cell containing a vapor of sodium atoms, whose density can be varied by controlling the cell temperature. With reference to Fig. 3 , the probe pulse frequency is nearly resonant to the sodium transitions from the intermediate level P 3/2 2 to the 2 D-doublet (819.7077 and 819.7043 nm), a pair of levels separated in frequency by ∼1.5 GHz. A control pulse, tuned on the transition from the ground state S 1/2 2 to the P 3/2 2 state, is generated by a frequency tunable dye laser pumped by a frequency-doubled Q-switched Nd:YAG laser at a repetition rate of 10 Hz. The control pulse is used to transfer population to the intermediate level and to induce an interaction between the probe pulse and the atomic system. The pulse is strong enough to saturate the transition (in Eq. (5) ρ 11 approaches 0.5), so that the total population of the involved atoms depends only on the temperature of the cell. A proper delay assures that only incoherent interactions [21] [22] [23] [24] between the control and the probe pulse are involved. The advantage of this scheme is that the dispersion properties that affect the probe beam propagation can be switched on or off on demand by the control beam.
After the cell, the temporal profiles are detected by a 12 GHz bandwidth photodiode connected to a 8-GHz-bandwidth digital oscilloscope. A reference measurement session, during which the control pulse is not injected into the cell, allows us to detect the temporal profile of the probe pulse propagating through a nonexcited medium. Under such a condition, due to the very low pressure of the sodium vapor, a propagation in vacuum into the cell can be considered.
Results
A comparison between experimental and theoretical values of the CM speed for different center wavelengths is shown in Figs. 4-6. All detunings are expressed with reference to the stronger resonance (819.7077 nm). The v CM , normalized to c and considering a 1 m long medium, is shown as a function of the pulse temporal width in the experimental case (filled circles) and for numerical values (empty squares linked with continuous blue lines) calculated by assuming a Lorentzian pulse temporal shape. The dashed red lines represent the limit value at c (above) and the group velocity v g calculated by Eq. (1). To evaluate v g the dispersion curve for the central frequency of the pulse has been calculated from the values of the atomic parameters and the cell temperature.
Different temperatures are used to avoid a severe absorption at small detuning and the effective temperature is the free parameter (around the selected temperature for the cell) in the numerical simulation.
In all numerical cases the CM speed approaches c in the limit of very short temporal width and v g in the opposite limit, with a trend that depends on the detuning. Moreover, in the intermediate region v CM can assume superluminal or even sub-v g values. In the detuning range that we have examined no superluminal values are found and the sub-v g speeds at the beginning of the intermediate region may be surprising at a first glance. Although, it can be analytically shown that an expansion of the wave vector k in Taylor series of the frequency leads to an expression of v g where are present the third (k 3 ) and fifth (k 5 ) derivative with respect to the frequency (both positive far from resonance):
where d t is the temporal width of a Gaussian pulse. Expression (11) is valid only as a correction to a very long pulse. The experimental data are in large part in agreement with the theoretical predictions. Sources of difference between the theoretical and the experimental behavior are due to terms that have not been included in the numerical simulation. First, a Lorentzian shape has been assumed for the input pulse instead of the real pulse envelope. This has been done to relate the experimental results to a more general physical case. Secondly, an uniform temperature has been assumed instead of the actual temperature in every point of the cell, that is very difficulty to known or to model with enough accuracy. Moreover, the decay of excited atoms during the pulse propagation is not considered in the simulation, as it cannot be included in a frequency-domain calculation in a simple manner. If the pulse duration is of the same order of the population decay time, the leading and the trailing edges of the pulse can undergo different propagation velocities and this can lead to a compression of the signal [21, 22] .
A comparison between the bandwidth of the pulses and the dispersion relation (real part of the refractive index, dashed green line) is shown in Fig. 7 , where three different temporal durations for a pulse of Lorentzian shape are reported in the case of central wavelength of 819.710 nm (case of Fig. 4 ). Considering a pulse of 3500 ps of temporal duration (blue line), the bandwidth becomes narrow enough to satisfy the requested constrains that underlie Eq. (1); as a consequence, in this case the group velocity becomes a meaningful definition as a propagation speed for this kind of signal. In the red case (150 ps of temporal duration), the bandwidth is of the same order of the spectral region where the dispersion varies and can induce a modification on CM propagation speed. Finally, in the yellow case (10 ps) the extremely large pulse bandwidth leads to a pulse propagation at c, as the alteration on the propagation induced by the resonance acts on a negligible part of the pulse.
A simplified picture
As previously mentioned in Section 2, a more intuitive picture is offered by Eq. (10) in the limit of a low density medium ( ≃ ) n 1 . If the absorption is negligible the imaginary part of ω ( ) k approaches zero. Then, the CM velocity can be given by:
where the brackets state that v 1/ g , usually calculated for the central frequency, has to be averaged over the whole spectrum.
In particular, if the pulse spectrum can be approximated by a rectangular shape that differs from zero only within a bandwidth δω around the central frequency ω p , it can be shown that: With reference to Fig. 7 , when the pulse has a large temporal width (3500 ps-case), the bandwidth becomes narrow and expression (13) approaches the usual definition of group velocity given by Eq. (1) . On the other hand, when the band becomes broader, as in the case of the 150 ps-pulse, also anomalous dispersion zones are probed by frequency components, leading to an averaged effect that increases the propagation speed towards c. For a very large bandwidth, the 10 ps-case, the larger contributions come from low dispersive zones far away from the atomic resonance, causing a propagation almost unaffected by the medium response.
All these cases described by the simplified Eq. (13), together with the scenario above described, are qualitatively in agreement with the numerical and experimental results reported in Figs. 4-6. It is worth to note that the approximation is strictly correct only with no frequency selective absorption.
Conclusions
We have presented a study on the dependence of the "center of mass" speed of an optical pulse on its temporal duration. The experimental results, showing that the shorter pulse is also the faster, are in qualitative agreement with a theoretical investigation. We have shown that the CM speed passes from the group velocity determined by the dispersion curve to the in-vacuum speed c in a range of pulse durations that is determined by the detuning from the absorption resonance.
Moreover, an approximate simplified theoretical picture, here reported, is able to supply an intuitive overview on the modification of the propagation dynamics in the different cases.
